Abstract. We show that the Cayley graph of the fundamental group of a closed aspherical manifold with the hypereuclidean universal cover cannot contain an expander. This rules out for recent Gromov's examples of exotic groups an approach to the Novikov Conjecture via the hypereuclideanness developed by Connes, Gromov and Moscovici [G] The notion of a hypereuclidean manifold appeared in works of Gromov [G2], [G3] as the result of evolution of the notion of a hyperspherical manifold. The latter was introduced in Gromov-Lawson works on the scalar curvature [GL]. An open n-manifold X is called hypereuclidean if it admits a proper 1-Lipschitz map p : X → R n of nonzero degree. Gromov and Lawson proved that hypereuclidean manifolds cannot have a uniformly positive scalar curvature [GL]. They conjectured that every closed aspherical manifold does not admit a Riemannian metric of positive scalar curvature. In connection with this Gromov asked whether the universal cover of every such manifold is hypereuclidean [G2]. It was known that the Gromov-Lawson conjecture and the Novikov higher signature conjecture are parallel [Ros]. The analogy between them was emphasised by Gromov in [G3] (see also [FRR]) where he noticed ([G3], page 152) that the Novikov conjecture holds for the fundamental groups of closed Riemannian manifolds whose universal cover is hypereuclidean. In fact, the proof of this statement appeared implicitly in [CGM] where the Novikov conjecture is proven for all proper Lipschitz cohomology classes of any group (Theorem 10.A). In [CGM] (section 9) a proof that all cohomology classes of a closed aspherical manifold with a hypereuclidean universal cover are Lipschitz was 1991 Mathematics Subject Classification. Primary 53C23, 57R22, 57S30, 20F65, 05C10.
§1 Introduction
The notion of a hypereuclidean manifold appeared in works of Gromov [G2] , [G3] as the result of evolution of the notion of a hyperspherical manifold. The latter was introduced in Gromov-Lawson works on the scalar curvature [GL] . An open n-manifold X is called hypereuclidean if it admits a proper 1-Lipschitz map p : X → R n of nonzero degree. Gromov and Lawson proved that hypereuclidean manifolds cannot have a uniformly positive scalar curvature [GL] . They conjectured that every closed aspherical manifold does not admit a Riemannian metric of positive scalar curvature. In connection with this Gromov asked whether the universal cover of every such manifold is hypereuclidean [G2] . It was known that the Gromov-Lawson conjecture and the Novikov higher signature conjecture are parallel [Ros] . The analogy between them was emphasised by Gromov in [G3] (see also [FRR] ) where he noticed ([G3] , page 152) that the Novikov conjecture holds for the fundamental groups of closed Riemannian manifolds whose universal cover is hypereuclidean. In fact, the proof of this statement appeared implicitly in [CGM] where the Novikov conjecture is proven for all proper Lipschitz cohomology classes of any group (Theorem 10.A). In [CGM] (section 9) a proof that all cohomology classes of a closed aspherical manifold with a hypereuclidean universal cover are Lipschitz was sketched without introduction of the term "hypereuclidean". An alternative proof of the Novikov conjecture for aspherical manifolds with hypereuclidean universal cover is given in [Ro2] , page 74.
A different approach to the Novikov conjecture was developed on a basis of a coarse index map and the Higson corona [Ro1] . One of the conjectures formulated in [Ro1] is due to Weinberger and it states that the coboundary homomorphism δ :Ȟ n−1 (νX; Q) → H n c (X; Q) is an epimorphism whenever X is a universal cover of a closed aspherical manifold and νX is the Higson corona taken for the induced metric. It was proven in [Ro1] (and in [Ro2] ) that the Weinberger conjecture implies the coarse rational Novikov conjecture which is exactly the monomorphism part of the rational version of the coarse Baum-Connes conjecture. Weinberger announced that an equivariant version of his conjecture implies the Novikov conjecture (see [DF] ). Since the boundary homomorphism in K-theory ∂ : Ro1] , one can derive the Novikov conjecture from the equivariant version of the Weinberger conjecture stated for K-theory. In that case Roe's index map has an equivariant splitting and the argument of [Ro2] works. The other way to prove the implication: equivariant Weinberger conjecture ⇒ Novikov conjecture would be one from [Ha] .
It turns out that even the nonequivariant version (as stated in [Ro1] ) of the Weinberger conjecture implies the Novikov conjecture. This follows from above Gromov's results and the fact that the Weinberger conjecture for X is equivalent to the hypereuclideaness condition for X × R [Ro1] (see details in [DF] ).
G. Yu proved the Novikov conjecture for groups Γ which admit a coarse embedding into the Hilbert space [Yu2] , [H] , [STY] . A coarse embedding is a monomorphism in the coarse category defined in [Ro1] . It is also known as a uniform embedding [G1] , though the latter does not agree with the classical analysis terminology. As it was shown in [HR] this theorem of Yu generalizes his theorem [Yu1] which proves the Novikov conjecture for groups with finite asymptotic dimension [G1] . Yu's theorems allow to prove the Novikov conjecture for a large class of groups including all hyperbolic and amenable groups. In fact it is really difficult to find a finitely presented group with infinite asymptotic dimension. In [Dr1] it was shown that the universal cover of an aspherical closed manifold whose fundamental group has finite asymptotic dimension is hypereuclidean. This gives an alternative proof of the first Yu's theorem. A hypersphericity version of this statement which enables to prove the Gromov-Lawson conjecture is presented in [Dr2] .
In [DGLY] an example of a countable discrete metric spaces is constructed which is not coarsely embeddable in the Hilbert space. Then Gromov noticed that expanders are not coarsely embeddable in the Hilbert space. An expander is a growing sequence of graphs X n with uniformly bounded valence and with uniform spectral gap for the combinatorial Laplacians for the first nonzero eigenvalues: λ 1 (X n ) ≥ δ > 0. Gromov constructed finitely presented groups Γ whose Cayley graphs contain expander. Moreover, Gromov constructed a closed aspherical manifold M with the fundamental group that contains an expander [G4] , [G5] .
Thus, expanders form an obstacle for proving the Novikov conjecture using Yu's theorem. They were used to disprove some versions of the Baum-Connes conjecture [HLS] . In this paper we show that they are obstructions for proving the Novikov conjecture via hypereuclideanness as well. We prove that the universal cover of Gromov's aspherical manifold is not hypereuclidean. It gives a negative answer to a question of Gromov [G2] . Previously there was an example of a uniformly contractible manifold which failed to be integrally hypereuclidean [DFW] . Gromov's example is of different nature.
The main result of the paper is the following
Theorem. Suppose that M is a closed aspherical Riemannian manifold with a hypereuclidean universal cover. Then the Cayley graph of the fundamental group
Clearly, every closed Romannian manifold with nonpositive sectional curvature has hypereuclidean universal cover. Thus, Theorem is an extension of Gromov-Higson theorem which states the same for closed Riemannian manifolds with nonpositive sectional curvature.
I would like to express my thanks to Nigel Higson for showing me his proof of the above Gromov-Higson theorem. §2 Hypereuclidean manifolds By B r (x) we will denote the closed r-ball in a metric space centered at point x. The main result of this section is the following Lemma 1. Suppose that the universal cover X of a closed Riemannian manifold M is hypereuclidean. Then there exist N ∈ N and a map f :
Proof. Let n = dim M . We denote by d X the metric on X lifted from M . Let p : X → R n be a proper 1-Lipschitz map of degree d > 0. We may assume that 0 is a regular value and |p
Let Γ = π 1 (M ) denote the fundamental group. We consider the Borel construction:
where π 2 is the projection onto the second factor, q 1 is the universal covering map, and q is the projection onto the orbit space of the diagonal action. Let U be a finite open cover of M such that q 1 is a trivial bundle over all U ∈ U. For every U ∈ U we fix an open setŨ ⊂ X such that q 1 |Ũ :Ũ → U is a homeomorphism. We define a trivialization
, where π 1 : X × X → X is the projection onto the first factor. Let {φ U } be a partition of unity with φ −1
We set N = n|U| and define a mapp : Y → ⊕ U∈U R n = R N by the formula:
Thus we can speak about the metric d x on a fiber π −1 (x) which is isometric to d X . We show thatp restricted to π −1 (x) is 1-Lipschitz for every x ∈ M . Indeed, for every v, v ′ ∈ π −1 (x) we have:
We note that V x =p(π −1 (x)) is an n-dimensional vector subspace which seats in
Here R U is the space of maps U → R n which is isomorphic to R |U| and {φ U (x)} U∈U ∈ R U is its element. If x ∈ U , then the map φ(x)ph U | π −1 (x) has degree d as the composition of a homeomorphism, the map of degree d, and a contraction. This implies that the restrictionp | π −1 (x) : π −1 (x) → V x has the degree d.
Let ν : E ′ → M be a subbundle of the trivial bundle R N ×M defined by the subspaces V * x orthogonal to V x . Thus, there is a map j
Consider the pull-back diagram:
The mapsp and j ′ define a mapp :
x is homeomorphic to R N as the product of a contractible manifold and a euclidean space. We note that the restrictionp | β −1 (x) : β −1 (x) → R N has the degree d as the suspension of the mapp | π −1 (x) . We consider the pull-back diagram
Since X × X is contractible, the fibrationν is trivial with fiber
The rest of the proof is a verification of properties (1)- (3).
(1). Let v = (w, y) ∈ R N−n × X We note that qν takes X × v isometrically to π −1 (q 1 (y)). Since f | X×v =p • q •ν | X×v andp is 1-Lipschitz, we have that f | X×v is 1-Lipschitz.
(2). The proof consists of a demonstration that X × R N−n × x and x × R N−n × X defines up to the sign homologous locally finite cycles inĒ. Then the compact support cocycle generated byp gives equal evaluations on these cycles. Since it was shown that the restriction ofp to β −1 (q 1 (x)) = q ′ (X × R N−n × x) is essential, then f | x×R N will be essential.
Here are the details. For simplicity we use ordinary homology and cohomology. First we note that the restrictions
are proper maps for all x ∈ X. In fact they are embeddings of a fiber in a locally trivial bundles over a compact base M . Consider the map p 0 :
We fix the unit sphere Σ ⊂ R N−n and the sphere S ⊂ R n of radius r which we specify latter. Note that the join product S * Σ is naturally embedded in R n × R N−n . Namely, the point [x, y, θ] corresponds to (x cos θ, y sin θ) ∈ R n × R N−n , where x ∈ S, y ∈ Σ, and θ ∈ [0, 1]. We consider the spheres S 1 = 0 × Σ * S and S 2 = S * Σ × 0 in the space R n × R N−n × R n . Let S 0 = S * Σ. Then we define an embedding µ : S 0 × [0, 1] → R n × R N−n × R n defined by the formula: µ([x, y, θ], t) = (−tx cos θ, y sin θ, (1 − t)x cos θ).
We note that µ(S 0 × 0) = S 1 and µ(S 0 × 1) = S 2 . Denote by
Without loss of generality we may assume thatW = p −1 0 (W ) is a manifold with boundary. Moreover, the preimage p
is a closed n − 1-dimensional manifold and the restriction of p to F has degree d. Similarly, the preimage p
We take r > 2 max{diam(Ũ ∪ p −1 (0)) | U ∈ U} and show that q ′ (W ) ∩p −1 (0) = ∅. We do that in two steps. First we show thatp
By the choice of the partition of unity we have
. Also we note thatp −1 (0) = jp −1 (0) where j : X × Γ X →Ē is the embedding generated by the identity map and by the composition s 0 •π of the projection π and the zero section
We supplyẼ = X × R N−n × X with the l 1 -product metric d 1 defined by the metrics d X and the eiclidean metric. Similarly, we consider the metric ρ 1 on R n × R N−n × R n defined as the l 1 -product of the euclidean metrics. Denote by ∆ the diagonal {(
by the triangle inequality we have that ρ 1 ((−tx, 0, (1 − t)x), ∆) ≥ x = r. Therefore,
, and u ∈Ũ ∈ U, we have
This implies that γ(z, 0, u) ∈ N r/2 (∆) for all γ ∈ Γ, z ∈ p −1 (0), and u ∈Ũ ∈ U. Hence
This map defines an N − 1-dimensional cohomology classp 0 onĒ \ (p) −1 (0). We proved that the mapp | β −1 (x) has degree d for any x. This implies that the restrictionp | q ′ (F ×y) :
We consider the product metricd on U × X and define
Let X be a finite graph, we denote by V the set of vertices and by E the set of edges in X. We will identify the graph X with its set of vertices V . Every graph is a metric space with respect to the natural metric where every edge has the length one. For a subset A ⊂ X we define the boundary ∂A = {x ∈ X | dist(x, A) = 1}. Let |A| denote the cardinality of A.
DEFINITION [Lu] . An expander with a conductance number c and the degree d is an infinite sequence of finite graphs {X n } with the degree d such that |X n | tends to infinity and for every A ⊂ X n with |A| ≤ |X n |/2 there is the inequality |∂A| ≥ c|A|.
Let X be a finite graph, we denote by P all nonordered pairs of distinct points in X. For every nonconstant map f : X → l 2 to the Hilbert space we introduce the number
If X is a graph with the degree d and with |X| = n, then |P | = n(n−1)/2 and |E| = dn/2. The following lemma can be derived from [Ma, Proposition 3] . It also can be obtain from the equality
for the first positive eigenvalue of the Laplacian on X and the Cheeger's inequality (see Proposition 4.2.3 in [Lu] ).
Lemma 2. Let {X n } be an expander. Then there is a constant c 0 such that D f n ≤ c 0 for all n for all possible maps f n : X n → l 2 to the Hilbert space l 2 .
Corollary 1. For every sequence of 1-Lipschitz maps f n : X n → l 2 there is the inequality
Proof. In the case of 1-Lipschitz map we have
Then the required inequality follows Corollary 2. Assume that for a sequence of 1-Lipschitz maps f n : X n → l 2 we have x∈X n f n (x) = 0 for every n, then
Proof. We assume that the sequence {X n } is enumerated by a subsequence on N such that |X n | = n. According to Corollary 1 we have
Then the required inequality follows.
Corolary 3. Assume that for a sequence of 1-Lipschitz maps f n : X n → l 2 we have x∈X n f n (x) = 0 for every n, then there is R such that |f
By Corollary 2 we have the contradiction:
We say that a metric space X contains an expander {X n } if there is a sequence of isometric embeddings X n → X. The ǫ-capacity c ǫ (W ) of a subset W ⊂ X of a metric space X is the maximal cardinality of ǫ-discrete sets in W . A metric space X has bounded geometry if for every ǫ > 0 there is a function λ :
Lemma 3. Suppose a metric space (X, d) has a bounded geometry. Let f : X × R N → R N be a map satisfying the conditions:
(1) the restriction f | X×w : X × w → R N is 1-Lipschitz for all w ∈ R N ; (2) the restriction f | x×R N : x × R N → R N is essential for all x; (3) there is a function c(r) such that diam d (f −1 (B r (0) ∩ (X × w)) ≤ C(r) for all w ∈ R N .
Then X does not contain an expander.
Proof. Assume that X contains an expander {V n }. Given n we show that there is w n ∈ R N such that v∈V n f (v, w n ) = 0.
We consider a map F : R N → R N defined as F (y) = 1 |V n | v∈V n f (v, y). The condition (1) implies f (v, y) − f (x 0 , y) ≤ d(v, x 0 ). Hence
where d(v n , x 0 ) = max{d(v, x 0 ) | v ∈ V n }. Thus the maps F and f | x 0 ×R N are in a finite distance. Therefore they are properly homotopic. Then by the condition (2) the map F is essential. Hence there is w n with F (w n ) = 0. By Corollary 3 there is R such that |(f | V n ×w n ) −1 (B R (0))| ≥ |V n |/2. Let x n ∈ (f | V n ×w n ) −1 (B R (0)) ⊂ f −1 (B R (0)) ∩ (X × w n ). By the condition (3) the 1-capacity of the ball B c(R) (x n ) in X can be estimated from below as |(f | V n ×w n ) −1 (B R (0))| ≥ |V n |/2. This contradicts with the bounded geometry condition.
Lemmas 1 and Lemma 3 imply the following. 
